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A note on badly approximable ane forms and winning sets
N.G. Moshhevitin
1
Abstrat
We prove a result on inhomogeneous Diophantine approximations related to the theory of (α, β)-games.
1. Introdution. J.W.S. Cassels in his book [4℄ (Theorem 10, Chapter 5) desribes the
following result on inhomogeneous linear Diophantine approximations.
Theorem A. Given positive integers n,m there exists a positive onstant Γm,n with the following
property. Let
θi,j, 1 6 i 6 m, 1 6 j 6 n
be real numbers and let
Lj(x) =
m∑
i=1
θi,jxi, 1 6 j 6 n
be the orresponding system of linear homogeneous forms in integer variables x1, ..., xm. Then there
exist a olletion of real numbers η1, ..., ηn suh that
inf
x∈Zm\{0}
(
max
16j6n
||Lj(x)− ηj||
)n(
max
16i6m
|xi|
)m
> Γm,n.
Here and in the sequel || · || denotes the distane to the nearest integer.
The method of the proof of this result generalizes a onstrution introdued by A.Khinthine in
[10℄, [11℄ (see also [12℄).
Theorem A is a partiular ase of a more general result proved by V.Jarnik in 1941 (see [8℄,[9℄).
Given a olletion of real numbers
Θ = {θi,j , 1 6 i 6 m, 1 6 j 6 n}
onsider the funtion
ψΘ(t) = min
(y1,...,yn)∈Rn: 0<max16j6n |yj |6t
max
16i6m
||
∑
16j6n
θi,jyj||.
Theorem B. (V. Jarnik [8℄,[9℄) Given positive integers n,m there exists a positive onstant Γ∗m,n
with the following property. Suppose ψ(t) to be a funtion dereasing to zero as t → +∞. Let ρ(t)
be the funtion inverse to the funtion t 7→ 1/ψ(t). Let for all t large enough one has
ψΘ 6 ψ(t).
Then there exists a vetor
(η1, ..., ηn)
suh that
inf
x∈Zm\{0}
(
max
16j6n
||Lj(x)− ηj||
)
· ρ
(
max
16i6m
||xi||
)
> Γ∗m,n.
To obtain Theorem A one must take ψ(t) = t−n/m in Theorem B.
1
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Theorem A was generalized by D. Kleinbok in [13℄.
Theorem C. (D. Kleinbok,[13℄) Dene B to be a set of real (m+ 1)× n marties
(θi,j, ηj), 1 6 i 6 m, 1 6 j 6 n;
for whih the inequality
inf
x∈Zm\{0}
(
max
16j6n
||Lj(x)− ηj ||
)n(
max
16i6m
|xi|
)m
> 0.
is valid. Then B has full Hausdor dimension in Rmn+n.
Kleinbok's proof was based on the onsideration of speial ows on homogeneous spaes. Y.
Bugeaud, S. Harrap, S. Kristensen and S. Velani [3℄ give a simple proof of Kleinbok's theorem.
Moreover they establish the following result.
Theorem D. (see [3℄) For any olletion of real numbers
Θ = {θi,j , 1 6 i 6 m, 1 6 j 6 n}
onsider the set B(Θ) of real vetors
(η1, ..., ηn)
for whih
inf
x∈Zm\{0}
(
max
16j6n
||Lj(x)− ηj ||
)n(
max
16i6m
|xi|
)m
> 0.
Then B(Θ) has full Hausdor dimension in Rn.
A remarkable improvement was obtained reently by J. Tseng.
Theorem E (J.Tseng, [21℄) For any θ the set B of real numbers η suh that
inf
x∈Z\{0}
|x| · ||θx+ η|| > 0
is an α-winning set for any α ∈ (0, 1/8).
Moreover as it was mentioned in Remark 2.3 in [21℄ J. Tseng and M. Einsiedler obtained a
generalization of Theorem E to the ase of arbitrary systems of linear forms.
We do not want to disuss the denition of winning set and the metrial properties of suh sets.
We refer to the book [18℄ and the paper [19℄ by W.M. Shmidt where all neessary denitions and
results are given. We only want to note that any winning set in R
n
has full Hausdor dimension. So
Theorem D follows from the result by J. Tseng and M.Einsiedler.
Also we would like to say that there exist various papers devoted to the study of winning sets
and their properties (see for example [6℄,[7℄,[1℄,[2℄,[5℄,[14℄,[15℄,[18℄,[19℄,[20℄).
In this note we would like to announe an improvement of Theorem D.
Theorem 1. Let α ∈ (0, 1/2). Then for any olletion of real numbers
Θ = {θi,j , 1 6 i 6 m, 1 6 j 6 n}
the set B(Θ) of real vetors
(η1, ..., ηn)
for whih
inf
x∈Zm\{0}
(
max
16j6n
||Lj(x)− ηj||
)n(
max
16i6m
|xi|
)m
> 0
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is an α-winning set in Rn.
The followong result generalizes Theorem 1.
Theorem 2. Let α ∈ (0, 1/2). Suppose ψ(t) to be a funtion dereasing to zero as t → +∞.
Let ρ(t) be the funtion inverse to the funtion t 7→ 1/ψ(t). Let for all t large enough one has
ψΘ 6 ψ(t).
Then the set B(Θ) of all vetors
(η1, ..., ηn)
suh that
inf
x∈Zm\{0}
(
max
16j6n
||Lj(x)− ηj||
)
· ρ
(
max
16i6m
||xi||
)
> 0
is an α-winning set in Rn.
On as easily see that Theorem 1 is a partiular ase of Theorem 2. In the next setion we sketh
the main steps of the proof of Theorem 1. The proof of Theorem 2 follows the steps of the proof of
Theorem 1.
2. Sketh of the proof for Theorem 1.
Lemma 1. Let a sequene of reals tr, r = 1, 2, 3, ... satisfy the launarity ondition
tr+1
tr
>M, r = 1, 2, 3, ... (1)
for some M > 1. Let a sequene Λ ⊂ Zn of integer vetors u(r) = (u
(r)
1 , ...., u
(r)
n ) ∈ Zn be suh that
t2r = (u
(r)
1 )
2 + ....+ (u(r)n )
2. (2)
Then the set
N(Λ) = {η = (η1, ..., ηn) ∈ R
n : ∃ c(η) > 0 suh that ||u
(r)
1 η1 + ...+ u
(r)
n ηn|| > c(η) ∀r ∈ N}
is α-winning for any α ∈ (0, 1/2).
Lemma 1 is a generalization of Lemma 2 from 6, Chapter 5 of Cassels' book [4℄. In order to prove
Lemma 1 one should follow the proof of Theorem from the paper [15℄. This proof is a generalization of
Theorem 4 proof from [19℄. In this proof two main arguments are used: the original Shmidt's lemma
on esaping from dangerous points (Lemma 15 from [19℄) and dihotomy proess. To onstrut a
proof of Lemma 1 from the proof of Theorem from [15℄ in the ase n = 1 one needs only to make
minor orretions in the hoise of the parameters (suh as put ε = 0). In the multidimensional
ase one must use Shmidt's multidimensional esaping lemma (Lemma 1B, Chapter 3 form [18℄)
instead of the one-dimensional esaping lemma (Lemma 15 from [19℄). This does not enable to make
dihotomy proess in the proof. So we give a omplete proof of Lemma 1 in the next setion.
We would like to note that Cassels' lemma was reently improved by I. Rohev [17℄ by means of
Peres-Shlag's method [16℄.
To dedue Theorems 1,2 from Lemma 1 we must follow the arguments of the proof of Theorem
10 from 6 Chapter 5 of the book [4℄. Given numbers θi,j , 1 6 i 6 m, 1 6 j 6 n we take the
sequene of vetors u(r) form Lemma 4 6 Chapter 5 from [4℄ satisfying the onditions (1,2) with
M = 3. Then we take arbitrary η from the set N(Λ). Following the proof of Theorem 10 from 6
Chapter 5 of the book [4℄ we see that for any integer vetor x = (x1, ..., xm) ∈ Z
m \ {0} one has(
max
16j6n
||Lj(x)− ηj ||
)n(
max
16i6m
|xi|
)m
> 0.
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3. Proof of Lemma 1.
As usual for α, β ∈ (0, 1) put γ = 1 + αβ − 2α > 0.
For a ball B ⊂ Rn with the enter O and radius ρ we onsider its boundary S = ∂B. Let µ
be normalized Lebesgue measure on S. So
∫
S
dµ = µS = 1. Let x ∈ S. Dene pi(x) ⊂ Rn to
be the n − 1-dimensional ane subspae passing through the enter O of the ball B orthogonal to
one-dimensional subspae passing through the point O and x. Dene Π(x) to be the "half-spae"
with pi(x) as a boundary suh that x ∈ Π(x).
Given α, β ∈ (0, 1) onsider the unique "halfspae" Πα,β,ρ(x) suh that Πα,β,ρ(x) ⊂ Π(x) and the
distane from Πα,β,ρ(x) to O is equal to
γρ
2
. Put
Ω(x) = S ∩ Πα,β,ρ(x), Ω
∗(x) =
⋃
y∈S: Π(y)⊃Ω(x)
{y}.
Obviously the value µΩ∗(x) does not depend on x ∈ S. Put
ω = ω(α, β) = µΩ∗(x) ∈ (0, 1). (3)
Lemma 2. Let pi1, ..., pik be any n − 1-dimensional ane subspaes. Then there exists a point
x ∈ S suh that
Ω(x) ∩ pij = ∅,
for al least ⌈ωk⌉ indies j.
Proof. Dene pi′j to be a n − 1-dimensional ane subspae parallel to pij suh that 0 ∈ pi
′
j . We
take a point ξj ∈ S suh that the line passing through ξj and o is orthogonal to pi
′
j and ξj, pij lie on
the dierent sides from pi′j . Note that if ξj ∈ Ω
∗(x) then pij ∩Ω(x) = ∅. Then dene χx(y) to be the
harateristi funtion of Ω∗(x). It should be suient to prove that there exists x ∈ S suh that
f(x) =
k∑
j=1
χx(ξj) > ωk.
This is true as ∫
S
f(x)dµ(x) = k
∫
S
χx(ξ)dµ(x) = kω.
Lemma is proved.
Lemma 3.(W.M.Shmidt's esaping lemma, Lemma 1B, Chapter 3 form [18℄) Let t be suh that
(αβ)t <
γ
2
.
Suppose a ball Bj ours in the game (as a Blak ball). Suppose pi is an n − 1-dimensional ane
subspae passing through the enter of the ball Bj. Then White an play in suh a way that the ball
Bk+t is ontained in the "halfspae" Πα,β,ρj(x) suh that the boundary of Πα,β,ρj (x) is parallel to the
subspae pi.
Put
t = t(α, β, ) =
⌈
log(γ/2)
log(αβ)
⌉
, τk = t ·
⌈
log k
log
(
1
1−ω
)
⌉
, (4)
where ω is dened in (3). From Lemmas 2,3 we obtain the following
Corollary 1. Let a ball Bj with the radius ρj ours as a Blak ball in the game. Let we hawe a
olletion of ane subspaes pii, 1 6 i 6 k. Then White an play in suh a way that for any point
x ∈ Bj+τk the distane between x and any of subspaes pii, 1 6 i 6 k is greater than
ρj+τkγ
2
.
4
Now we are ready to show how to prove Lemma 1. Take a natural number k = k(α, β,M) suh
that
τk ×
log(1/(αβ))
logM
+ 2 < k. (5)
We may suppose without loss of generality that in addition to (1) we have the ondition
tr+1
tr
6M2, r = 1, 2, 3, .... (6)
Suppose that Blak begin the game with the ball B0 with the radius ρ. Dene natural numbers
1 = r1 6 r1 6 ... 6 rj 6 ... from the ondition
1
2trj+1
> ρ(αβ)jτk >
1
2trj+1+1
.
Then
1
2trj+1
> ρ(αβ)jτk >
1
2M2trj+1
(7)
(we may assume that
1
t1
> ρ).
Dene
ε =
γ
4M2+k(α,β,γ)
.
Suppose that we know that for every x ∈ Bjτk the distane between x and every subspae of the
form
{y = (y1, ..., yn) ∈ R
n : u
(r)
1 y1 + ...+ u
(r)
n yn = a}, a ∈ Z (8)
is greater than
ε
tr
for any r from the range 1 6 r 6 rj. Left inequality from (7) shows that any ball
Bν with jτk < ν 6 (j + 1)τk has the radius ρ(αβ)
ν < 1/(2trj+1). So given ν from this interval there
exists not more than one "dangerous" ane subspae of the form (8) with r = ν. Hene in the range
jτk < ν 6 (j+1)τk only < qj = rj+1− rj "dangerous" ane subspaes may our. By the launarity
ondition (1) and the inequalities (7) we have
M qj =M rj+1−rj 6
trj+1
trj
6
M2
(αβ)τk
. (9)
So
qj <
τk log(1/(αβ))
logM
+ 2 < k
by (5). Now Corollary 1 shows that White an play in suh a way that for every x from the ball
B(j+1)τk the distane between x and any of "dangerous" subspaes will be greater than
ρ(j+1)τkγ
2
>
γ
4M2trj+2
>
γ
4M2+k(α,β,M)trj+1
.
(in the last inequalities we use (7) and (9)).
The indutive step is ompleted ant Lemma 1 is proved.
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